We propose methods for realization of continuous two photon source using coherently pumped quantum dot embedded inside a photonic crystal cavity. We analyze steady state population in quantum dot energy levels and field inside the cavity mode. We find conditions for population inversion in coherently pumped and incoherently pumped quantum dot. We show that squeezing in the output for two two photon laser is not visible using coherent as well as incoherent pump. We discuss effect of phonon coupling using recently developed polaron transformed master equation at low temperatures. We also propose scheme for generating squeezed state of field using four wave mixing.
I. INTRODUCTION
In the quest of scalable on-chip quantum technology, semiconductor quantum dots (QDs) have emerged as a potential candidate [1] [2] [3] . With the advanced lithography techniques, it is possible now to grow a quantum dot at desired location inside a photonic crystal microcavity 4, 5 . As a result, new solid state on-chip cavity quantum electrodynamics (cavity-QED) systems have been developed. The strong coupling regime, where dipole coupling strength between single photon and single QD becomes larger than the damping rates in the system, have been realized 6 . Various other phenomena, well-cherished in microwave and optical cavity-QED systems using trapped or Rydberg atoms, such as appearance of higher rungs of Jaynes-Cummings ladder 7 , photon blockade 8 , Mollow triplets 9 have also been observed. Further a remarkable success have been achieved in generating sources of nonclassical light such as sources of entangled photons 10 and single photon sources having high efficiency and indistinguishability 11 . However, being solid state devices, interactions with longitudinal acoustic phonons are unique in these semiconductor cavity-QED systems. Interactions between phonon and exciton lead to dephasing 12 in coupled dynamics of exciton-photon interaction as well as off-resonant cavity mode feeding 13 . Various new phenomena such as high fidelity generation of exciton and biexciton states 14, 15 , phonon assisted population inversion in two level systems 16 , appearance of new features in Mollow triplets 17 have been observed due to phonon interactions. Interactions between phonons and excitons play particularly significant role in off resonant exciton-photon interactions 18 .
Generating coherent light by placing a large number of emitters inside a cavity has been fascinating subject and different kinds of lasers have been developed 19 . In conventional lasers a large number of emitters are used as gain medium to overcome photon losses from the cavity. However, microlasers where a single emitter acts as the gain medium inside high quality cavity, have also been realized 20 . These systems are particularly useful for the applications in quantum information processing. These lasers operate in the limit where semiclassical laser theory becomes inapplicable and complete quantum theories have been developed. Application of QDs in conventional laser as gain medium has limited success due to variation in their sizes and exciton resonance frequencies 21 . However, the single emitter micro-lasers using single QDs embedded inside high quality photonic crystal cavities 22, 23 and QD coupled with coplanar microwave cavity 24, 25 have been realized recently. Further, it has been observed that the phonon interactions significantly alter the dynamics in both type of microlasers, i.e., a single QD embedded in photonic crystal cavity 23 and a single QD coupled with coplanar cavity 25 , and a largely enhanced output power has been achieved due to phonon assisted off-resonant transitions.
Similar to the single photon lasers where lasing occurs due to stimulated emission of single photons, it was also predicted that a similar coherent generation of light is also possible through stimulated two-photon processes 26 . Further, the output of a two-photon laser would be squeezed coherent state that exhibits quantum properties 27 . Although a less success in realization of two-photon laser had been achieved before realization of two-photon mazer 28 .
The two-photon laser has been demonstrated by D. J. Gauthier et al 29 using strongly driven two level atoms as gain medium and probing by a weak field having frequency resonant to one of the side band. The absence of squeezing in the output has been explained due to enhancement of noise in spontaneous generation of photons. However, it was also predicted that two-photon correlated emission laser can show squeezing for certain parameters when the noises in one photon emission cancel each other 30 . We notice that two photon lasing in a single QD using incoherent pumping has been proposed recently 31 . Here we propose a scheme for realization of two-photon laser using single QD embedded in a photonic crystal cavity. The two-photon emission through cavity mode is dominating in the case when single photon transitions are far off-resonant and two-photon resonance conditions are satisfied 32 .
Since the photon pair is generated through biexciton decay into the far off-resonant cavity mode, the phonon interaction can play a significant role. We use recently developed master equation techniques to include such interactions 33 . In this work we investigate effects of coherent nature of pump in order to achieve correlated two-photon emission in a single QD two-photon laser to predict nonclassical features in laser output.
Our paper is organized as follows. In Sect. II, we present model for two-photon laser using incoherent pump. We discuss effects of phonon interaction at low temperature in terms of steady state population dynamics and Wigner function of the cavity field. In Sect. III, we discuss two-photon lasing using coherent pump and continuous generation of nonclassical field using four-wave mixing is discussed in Sect. IV. Finally, conclusions are presented in Sect. V. 
II. TWO-PHOTON LASING USING INCOHERENT PUMP
We consider a single quantum dot embedded in a single mode photonic crystal microcavity. The quantum dot consists of four energy level, ground state |g , two exciton states |x & |y and biexciton state |u . The transitions |g ↔ |x and |x ↔ |u are driven by x-polarized pump field and the transitions |u ↔ |y and |y ↔ |g are coupled with a y-polarized cavity mode. In the QD, exciton state |x and biexciton state |u are created through incoherent x-polarized pump field. The directions of polarization of the cavity mode and the pumping fields are chosen perpendicular to each other. We notice that a similar scheme has been proposed by Elena del Valle et al 31 without considering effect of acoustic phonons. We investigate the effect of exciton-phonon coupling on two-photon lasing in terms of lasing conditions and the properties of laser output. These effects are particularly significant because the two-photon resonant transitions used for pumping as well as for twophoton generation in cavity mode are far off-resonant. The Hamiltonian of the system in rotating frame with cavity mode frequency is given by
Here δ 1 = ω y − ω c is detuning between exciton resonance frequency ω y and cavity mode of frequency ω c , g 1 & g 2 are dipole coupling constants for the transitions |y ↔ |g & |u ↔ |y with the cavity mode, σ ij = |i j| are QD operators and a is annihilation operator for photons in cavity mode. The longitudinal acoustic phonon bath and exciton-phonon 
; can be written as the sum of terms corresponding to cavity-QD system, phonon bath and system-bath interactions as
The polaron shifts k λ 2 ik /ω k , are included in the effective detunings ∆ 1 and ∆ 2 . The system operators are given by X g =h(g 1 σ yg a + g 2 σ uy a + H.c.), X u = ih(g 1 σ yg a + g 2 σ uy a − H.c.) and every other symbol has same meaning as discussed in earlier chapters. The final form of master equation in terms of reduced density matrix for cavity-QDs coupled system ρ s is written as ?ρ
where κ is photon leakage rate from the cavity mode and γ i , γ ′ i are spontaneous decay rates. The dephasing rates for exciton states are given by Γ i and η 1 , η 2 are corresponding to exciton and biexciton pumping rates. The phonon induced processes are given by
The phonon bath is treated as a continuum with spectral function
where the parameters α p and ω b are the electron-phonon coupling and cutoff frequency respectively. In our calculations we use α p = 1.42 × 10 −3 g 2 1 and ω b = 10g 1 , which gives B = 1.0, 0.90, 0.84, and 0.73 for T = 0K, T = 5K, 10K, and 20K, respectively.
The system-phonon interactions are included in phonon correlation function φ(τ ) given by
where K b and T are Boltzmann constant and the temperature of phonon bath respectively.
We solve master equation (5) numerically using quantum optics toolbox 34 . In order to analyze the two-photon lasing we plot steady state populations and cavity field statistics results in Fig.1 The population in exciton state |y keep increasing monotonically for larger positive value of ∆ 1 and becomes larger than population in biexciton state around single photon resonance at ∆ 1 ≈ ∆ xx − δ x . This is due to the fact that on increasing ∆ 1 , the detuning between cavity mode and biexciton to exciton transition decreases. The mean number of photons in cavity mode also exhibits a sharp peak around two-photon resonance and a broader peak corresponding to phonon assisted single photon transition at ∆ 1 = ∆ xx − δ x . In Fig.1 (b) & Fig.2(b) , mean photon number n = a † a and the second order photon correlation for zero time delay, g 2 (0) = a †2 a 2 / a † a 2 , which indicates two-photon coincidence detection, has been plotted. The Fano factor F = ( n 2 − n 2 )/ n defined as the ratio of variance for the field inside the cavity mode to that for the coherent state having same average number of photons, has also been plotted. In Fig.1(b) , when detuning ∆ 1 increases from zero to the value (∆ xx − δ x )/2 corresponding to two-photon resonance, the average number of photon inside cavity mode n become maximum at the same time the photon correlation function g 2 becomes minimum. It has been proved that the value of g 2 for two photon coherent states could be larger than 1 27 . The Fano factor F also acquires minimum value, indicating suppression of noise and large enhancement in cavity field simultaneously at two-photon resonance. Therefore two-photon lasing in single QD using incoherent pump is possible. In pump power further value of n , which is well understood self quenching effect in single emitter lasers.
In Fig.2 , the temperature of phonon bath is chosen T = 20K. Comparing Fig.1 & Fig.2, we notice that at higher temperature, due to phonon assisted off resonant transitions, the emission into cavity mode is enhanced for all off-resonant values of detuning ∆ 1 . However, the emission around two-photon resonance reduced slightly and enhanced around single photon resonance at ∆ 1 = (∆ xx −δ x )/2. Further the maximum values of population inversion and average number of photons inside cavity mode decreases. On increasing temperature the values of g 2 (0) and Fano factor F increases under two-photon lasing condition showing enhancement in noise. Next, we plot the Wigner distribution for the cavity field in Fig. 3 .
The Wigner distribution is calculated using following definition 36
where, ρ c = n,m ρ nm |n m|, is the density matrix for the cavity field at steady state calculated after tracing over the QD states and |β is a coherent state. Using the density matrix ρ c in Eq. (8), the Wigner distribution takes the following form
Further, after evaluating the integration in Eq. (9), we get
In Eq. (10), the term ∂ n+m ∂α n ∂α * m e −4|α| 2 is calculated using Leibniz rule. The Eq. (10) is simplified to
In Fig.3(a) , we show Wigner distribution (11) for parameters used in Fig.1(a) and in Fig.3(b) for parameters used in Fig.2(a) with detuning ∆ 1 = 4.4g 1 corresponding to two-photon lasing. It becomes clear on comparing Fig.3 (a) & (b) that on increasing temperature of phonon bath the variance in cavity field increases. Further, squeezing in cavity field as predicted for two-photon coherent states is absent. The absence of squeezing in two-photon laser has been understood due to the fact that the noise in fields of each photons in the pair get added which negate squeezing in cavity output.
III. TWO-PHOTON LASING USING COHERENT PUMP
For pumping QD in biexciton state coherently we consider an external laser applied between transitions |g → |x & |x → |u . The polarization of laser field is chosen orthogonal to the polarization of cavity field. The Hamiltonian of the system in rotating frame with frequency of pump laser ω p is given by
+h(g 1 σ yg a + g 2 σ uy a + H.c.) + H ph .
Here ∆ p = ω x −ω p and Ω i are the detuning and dipole coupling strengths for the pump laser, everything else has their previously defined meaning. After following the same procedure we arrive at the same polaron transformed master Eq.(5). Where system Hamiltonian and operators X g and X u are defined as follows
X g =h(Ω 1 σ xg + Ω 2 σ ux + g 1 σ yg a + g 2 σ uy a) + H.c.
X u = ih(Ω 1 σ xg + Ω 2 σ ux + g 1 σ yg a + g 2 σ uy a) + H.c..
The polaron shifts are absorbed in the detunings.
In Fig.4 and Fig.5 , we show steady state populations and cavity field statistics at T = 5K for all values of ∆ 1 , is enhanced due to phonon coupling. Although population inversion can be achieved at higher phonon bath temperature but the emission at two photon resonance in cavity is inhibited which restrict two-photon lasing using coherent pump.
In Fig.6 , we plot Wigner function calculated using Eq.(10) corresponding to parameters used in Fig.4 at two photon resonance. In this case also no squeezing is observed as the procedure of two-photon generation in cavity mode remains same. Further we observe larger broadening in Wigner function corresponding to larger values of ∆ 1 .
IV. CONTINUOUS SOURCE OF SQUEEZED LIGHT THROUGH FOURWAVE

MIXING
In this case we consider coherent pumping using same setup discussed in previous section.
However, the QD is pumped in biexciton state through two-photon resonant transition |g → |u via exciton state x . We choose detuning of the pump ∆ p = (∆ xx + δ x )/2 which satisfy two-photon resonant condition. The couplings of pump laser Ω 1 and Ω 2 are considered larger than QD-cavity couplings g 1 and g 2 for stronger pumping.
In Fig.7 , we plot steady state population and cavity field parameters. In subplots (a) & (b), we do not include phonon-exciton interactions and in (c) & (d) we consider phonon interaction at T = 5K. In this pumping method we get almost equal populations in ground state |g and biexciton state |u , which can be dominating. However, no significant population inversion can be achieved. The average number of cavity photons has sharp two-photon resonance peak corresponding to ∆ 1 = (∆ xx −δ x )/2 and g 2 (0) and Fano factor sharp trough. On including phonon-exciton interaction, the value of maximum n inside the cavity mode decreases and the value of g 2 (0) and Fano factor increases, indicating enhancement in variance of photon distribution. In Fig.8 , we show Wigner distribution of cavity field corresponding to two-photon resonance and temperature T = 0K, T = 5K, T = 10K and T = 20K in subplots (a), (b), (c), and (d), respectively. At T = 0K, when exciton-phonon interactions are absent, squeezing as well as interference patterns appear due to coherence in emitted photons. However when temperature is increased and exciton-phonon interactions become significant coherence between emitted photons diminishes these features slowly disappear. However, at low temperature say up to T = 20K, squeezing in cavity field is visible and one can realize continuous source of squeezed light using single QD.
V. CONCLUSIONS
We have discussed effect of exciton-phonon coupling on two-photon lasing in a single quantum dot embedded inside a photonic crystal cavity. We have analyzed schemes of incoherent as well as coherent pump for achieving two-photon lasing. In order to visualize squeezing in cavity field we have plotted Wigner function. In the case of two-photon lasing we do not find squeezing in cavity field. However, we discuss method of four-wave mixing
